ABSTRACT This paper investigates an attitude tracking maneuver problem for a rigid spacecraft with external disturbances, uncertain inertia parameters, actuator misalignments, and faults. First, all the uncertainty terms are split from the desired commanded control torque, and then, the nonsingular terminal sliding mode is implemented to design a fixed-time attitude tracking controller. Subsequently, an adaptive law is drawn into the attitude tracking controller to form a new control scheme, which eliminates the requirement of the upper bounds of all the uncertain terms. Besides, in the light of the concept of fixed-time stabilization, practical fixed-time convergence is achieved for attitude tracking errors. Finally, the numerical simulations are demonstrated to highlight the performance of the proposed controllers.
I. INTRODUCTION
Since the spacecraft can expand the scope of human cognition, in recent decades, the research on all kinds of spacecrafts has been developed rapidly. Herein, attitude control system is nonlinear multi-input multi-output system, and therefore attitude control has been one of the most interesting and challenging problems in the field of space exploration. Up to now, various nonlinear control algorithms have been applied for solving the attitude stabilization or tracking problem, such as adaptive control [1] , [2] , robust H ∞ control [3] , sliding mode control [4] , [5] , fuzzy logic [6] and neural networks [7] .
Thereinto, sliding mode control (SMC), with the characteristics of computational simplicity, fast response and strong robustness against matched disturbances or uncertainties, has been widely applied for solving attitude control problem [4] , [5] , [8] - [10] . In [4] , the spacecraft model of motion is investigated, and then sliding-mode controller is designed by Lyapunov theory. Two sliding-mode controllers are proposed so that spacecrafts can follow the predetermined trajectory with thrusters in [5] . With respect to attitude tracking problem, extended observer and adaptive laws are adopted to estimate the disturbances, and then sliding-mode controllers are proposed to force the states to tracking reference attitudes [8] .
Based on SMC technique, adaptive fault tolerant attitude tracking controller is proposed for flexible spacecraft in presence of actuator saturation, partial loss of actuator effectiveness and uncertainties [9] . One saturated PD control law is presented to achieve asymptotic stabilization [10] , and then integral-type SMC strategy and adaptive law are employed to design two control schemes for spacecraft attitude problem with actuator faults.
With the main merits of the conventional SMC, terminal and higher order SMC laws have been proposed to ensure that system trajectories reach the origin or its neighborhood in finite time [11] - [17] . Owing to the mentioned characteristics, recently, these methodologies have been applied to solve spacecraft attitude control problem with uncertain inertia parameters, external disturbances or actuator faults. In [18] , adaptive second-order SMC technique is investigated, and some finite-time controllers are proposed to solve attitude tracking problem. Quasi-continuous sliding mode controllers and differentiators are selected to design attitude tracking control schemes, while Lyapunov theory is used to globally force tracking errors to the neighborhood of the origin [19] . Terminal SMC (TSMC) is implemented to develop attitude compensation control scheme, which guarantees the finite-time stabilization of system states subject to actuator misalignment and faults [20] . By adaptive law and TSMC, finite-time controllers are proposed to solve attitude tracking problem [21] , and furthermore fault-tolerant control schemes are presented to realize attitude stabilization in finite time [22] . Meanwhile, finite-time fault tolerant controllers are similarly investigated for rigid spacecrafts [23] , [24] .
On the basis of finite-time stability, fixed-time stabilization has been investigated in [25] , which can guarantee uniform boundedness of the settling time without the initial system states. Subsequently, this concept is applied to design nonlinear control algorithms [26] - [32] . In [26] and [27] , nonsingular terminal SMC (NTSMC) is investigated, while fixed-time schemes are proposed to obtain consensus tracking for second-order multi-agent systems. Fixed-time distributed tracking control protocol is developed for multi-agent systems with unknown inherent disturbances [28] . By the similar technique, leader-following control scheme is designed for underwater vehicles with event-triggered communications [29] . In addition, fixed-time control laws are studied for attitude tracking problem of rigid spacecraft [30] . Subject to actuator faults and input saturation, fixed-time sliding mode surface is designed [31] , and then adaptive controller is derived to guarantee that the closed-loop system can be steered to the equilibrium point within the prescribed time. Fixed-time super-twist observer is designed to compensate the perturbations, and adding power integrator is implemented to establish fixed-time attitude controller [32] .
Due to the enlightenment of the above fixed-time control techniques, adaptive law and terminal SMC technique are exploited to design attitude tracking controller. To our knowledge, fixed-time attitude tracking control laws have been not investigated for actuator misalignments and faults. In this paper, all the uncertainties are synthesized and suppressed, which is different from processing ideas in the existing literatures, while global fixed-time convergence can be guaranteed without singular phenomenon. The proposed strategy does not require the information of the lumped uncertainties, and attitude tracking errors can converge to the neighborhood of the equilibrium point in fixed time.
The rest of this paper is organized as follows. Attitude tracking model is described for actuator faults and misalignment in Section 2. Section 3 presents fixed-time control laws. Section 4 examines the performance of the closed-looped system. Section 5 provides some conclusions.
II. PRELIMINARIES
In the following, · means the standard Euclidean norm or its induced norm. For any given matrix A ∈ p×q with full-row rank, A † ∈ p×q denotes its pseudo-inverse.
A. SPACECRAFT ATTITUDE MODEL
Let F b and F i denote the body fixed frame and the inertial frame, respectively. The model of spacecraft attitude consists of the kinematic model and dynamic model. In the sequel, the unit quaternion is adopted to describe the kinematic equation of the spacecrafṫ
where
T are unit quaternion and the angular velocity vector, respectively. I 3 represents the identity matrix, while q × bv denotes the skew symmetric matrix, which is expressed by q × bv = [0, q b3 ,−q b2 ;−q b3 , 0, q b1 ; q b2 , −q b1 , 0]. Moreover, the unit quaternion fulfills the constraint condition q × bv = q bv . The dynamic model can be derived as
where J ∈ 3×3 is the symmetric inertia matrix of the rigid spacecraft. τ ∈ m (m ≥ 3) denotes the total torque vector produced by the actuators. D ∈ 3×m means the actuator distribution matrix, while D indicates misalignment matrix induced by the offset from the nominal direction. d ∈ 3 is external disturbances. E (t) = diag − λ 1 ,− λ 2 , · · · ,− λ m ∈ m×m denotes the fault matrix for the actuators with 0 < − λ i < 1, and i = 1, 2, · · · , n implies that the ith actuator partially losses its effectiveness. The case− λ i = 1 means that ith actuator has totally lost its control effectiveness, whilē − λ i = 0 represents that the ith actuator is normal. For each reaction wheel, the torque τ can be expressed by τ = τ d +τ b , where τ d and τ b denote the desired torque and the bias torque, respectively. Herein, (D + D) (I m − E) can indicate actuator installation deviations and faults, while the uncertainties and nominal terms are effectively classified by factor expansion, which is beneficial to the following design of control laws. In addition, because the main work is controller design rather than fault diagnosis and detection (FDD), and therefore actuator dynamics are not modeled and considered in this paper. By putting external disturbances, actuator faults and misalignment together, the nonlinear attitude dynamics model can be described by 
, and ω d is the target angular velocity. This rotation matrix is provided by
. ω e andω e are supposed to be bounded. Thus, the relative attitude error model can be expressed aṡ
with
The inertia matrix J is defined by J = J 0 + J, where J 0 and J are the nominal part and uncertain part, respectively. In addition, the matrix J are positive-definite and bounded, while there exists unknown scalar δ 1 such that J J ≤ δ 1 . 
C. RELATIVE ATTITUDE ERROR MODEL
Consider the system of differential equatioṅ
with x ∈ n , and f (x) :
, where x, u, y state vector, control input and output vector, respectively. It is uniformly ultimately bounded if for all x (t 0 ) = x 0 , the scalar ε 0 and the settling time T (ε 0 , x 0 ) satisfy x (t) ≤ ε 0 for all t ≥ t 0 + T .
Lemma 1 [33] : Consider one scalar systeṁ
where m, n, p, q are all positive odd integrators and satisfy α > 0, β > 0, m > n and p < q. The equilibrium point of (6) is globally fixed-time stable, and the settling time is expressed as
Lemma 2: Suppose that there exists one Lyapunov function V (x) for nonlinear system (5) such thatV (
with α > 0, β > 0 and > 0, where m , n , p , q are positive odd integrators that satisfy m > n and p < q . Then, the origin of (5) is practical fixed-time stable. Moreover, the residual set of system solution can be provided by
with 0 < λ ≤ 1. The settling time needed to reach the residual set satisfies
Lemma 3 [35] : For any
III. FIXED-TIME ATTITUDE CONTROL
In this section, fixed-time NTSM and adaptive laws are implemented to design fixed-time controllers, which can effectively solve attitude tracking problem for rigid spacecraft in the presence of external disturbances, uncertain inertia matrix, actuator faults and misalignment.
A. FIXED-TIME TSM CONTROL DESIGN
Inspired by the related work [26] , on the basis of spacecraft kinematics, fixed-time sliding mode surface is designed as follows
where m 1 , n 1 , p 1 and q 1 are positive odd integrators satisfying
Consider the sliding mode surface, and it can be obtained that
, it can be obtained that the lumped uncertainties are bounded.
Theorem 1: Consider spacecraft attitude tracking system (4)- (5) with actuator misalignments and faults, and feedback controller is formulated by
. m 2 , n 2 , p 2 and q 2 are positive odd integrators such that m 2 > n 2 and p 2 < q 2 . To avoid singular phenomenon,
with one small constant − λ > 0(i = 1, 2, 3). Then attitude tracking errors can converge to the origin within the given time T < T max = T 1 + T 2 + T 3 , which is expressed as
Proof: The proof is divided into two steps. Firstly, consider the following Lyapunov candidate function:
Differentiating V 1 against time yieldṡ
Substituting (12) into (15) results iṅ
It can be seen that ϑ − λi > 0 holds if ω ei = 0 is fulfilled (i = 1, 2, 3). In order to analyze fixed-time convergence, the state space 6 is split into two areasS 1 = (e, ω e ) min ω Figure 1 . If system states (e, ω e ) stay in the areaS 1 , the following results can be obtained thaṫ
Then select y = √ 2V 1 be the solution to equation (17) , and the states (e, ω e ) will converge to the sliding mode surface S = 0 or enter the areaS 2 within the prescribed time
With ω e → 0 dynamic equation can be rewritten as
Note that |S i | is bounded, and
is fulfilled. When system states (e, ω e ) get into the areā S 2 , the above equation (19) can be expressed as
, where J i is the element of inertia matrix J. It can be obtained
With respect to min ω q 1 /p 1 −1 ei < − λ, it can be verified that system trajectory will cross over the regionS 2 within the certain time T 2 := 2 − λ 1/(m 1 /n 1 −1) J i /δ 0 . Therefore, sliding mode variable can be steered to the equilibrium point in fixed time.
Secondly, if system trajectories of attitude tracking errors are steered to stay on the sliding surface S = 0, the result can be obtained that ω e = −α 1 e m 1 /n 1 − β 1 e p 1 /q 1 . Select another candidate Lyapunov function
By the constraint condition e 2 0 + e T e = 1, the time derivative of V 2 results iṅ
Then, one haṡ which means thatV 2 ≤ 0 and yields lim t→∞ e (t) = 0 based on Barbalat's lemma. According to e 2 0 + e T e = 1, the result can be obtained that lim t→∞ e 0 (t) = ±1. Because the equilibrium point is not stable, thus lim t→∞ e 0 (t) = 1 holds [34] . Besides, owing to |e 0 (t)| ≤ 1, it has e 2 = 1 − e 2 0 ≥ (1 − e 0 ) 2 , and therefore V 2 ≤ 2e T e can be got. From (7), it followṡ
If V 1 = 0, then let y = √ V 1 be the solution to the following differential equatioṅ
√ V 2 is used. According to Lemma 1 and comparison principle of differential equations, one has lim t→T 1 V 2 (t) = 0, while the settling time is bounded and provided as follows
From the definition of V 2 (t), it can be concluded that for all t ≥ T 3 , and the closed-loop attitude tracking errors will reach the equilibrium point Q e = [1 0] T , ω e = 0 in fixed time. This proof is finished.
Remark 1: By analyzing NTSM algorithms, it can be found that it is easier to design fixed-time terminal sliding mode controller based on e v andė v . However, due toė v = e 0 I 3 + e × v ω e /2, it can be inferred that det e 0 I 3 + e × v = e 0 = 0 should be fulfilled for ∀t > 0, and therefore global fixed-time attitude tracking maneuver can not be guaranteed.
Remark 2: In the face of actuator fault and installation deviation, attitude tracking controllers have been addressed in [20] and [23] , and the task of attitude tracking manoeuvre can be accomplished successfully. However, all the uncertainties are synthesized and suppressed in this paper, which is different from processing ideas in [20] and [23] . In addition, compared with the mentioned algorithms, singular phenomenon is eliminated, while global fixed-time convergence can be achieved.
B. ADAPTIVE FIXED-TIME CONTROL DESIGN
By analyzing control law (12) and assumptions 1-4, it can be concluded that the scheme adopts the quaternion and angular velocity errors. It is known that the quaternion is bounded from its definition, and angular velocity errors and other uncertainties are also bounded based on assumptions 1-4. Therefore, the following assumption can be formulated, and then adaptive control scheme can be designed in the sequel Assumption 5: According to inertia uncertainties, external disturbances, actuator faults and commanded control torque (12) , the lumped uncertainties can be supposed to satisfy
where 1i , 2i , 3i , 4i , 5i (i = 1, 2, 3) are unknown constants.
Theorem 2: Consider the attitude tracking dynamics (4)-(5) with actuator faults and misalignment. Design attitude compensation controller as
The adaptive laws are selected aŝ (32) where ji (i = 1, 2, 3, j = 1, 2, 3, 4, 5) and υ ji are positive constants.ˆ ji (i = 1, 2, 3, j = 1, 2, 3, 4, 5) is the estimated value of ji .
Proof: consider the following candidate Lyapunov function
with˜ ji = ji −ˆ ji . Differentiating the Lyapunov function (33) versus time yieldṡ
Substitute adaptive control law (25)- (26) and the estimated upper bounds of the lumped uncertainties (27) - (32) into (34), and the results can be obtained thaṫ
For any c ji > 1/2(i = 1, 2, 3, j = 1, 2, 3, 4, 5), one can take
From this inequality and Lemma 2, the following result can be obtained thaṫ
ji . In view of the proof of Theorem 1, it can be known that system states (e, ω e ) are steered in the areaS 1 , the following results can be got thaṫ
+ 1 , and the convergence domain can be expressed as
The settling time can be estimated by
When the states (e, ω e ) of attitude tracking errors enter the areaS 2 , it can be verified that S = 0 is still an attractor. Substituting (25) into (4) obtains
Ifρ i < T di is fulfilled, sliding mode variables will escape from sliding mode surfaces. As a result, the gainρ i will increase toρ i > T di with small adjusting time ε ( ) > 0, for attitude tracking system can be stabilized, due to the above analysis. Therefore, when the conditionρ i > T di (i = 1, 2, 3) is fulfilled, the rest analysis is similar to the proof of Theorem 1. In the other case, ifρ i > T di always holds, the adjusting time ε ( ) will not exist. Therefore, it can be concluded that the trajectory of attitude tracking system is practical fixed-time stable. Finally, sliding mode variable S i (i = 1, 2, 3) can converge to S i |S i | ≤ √ 2 1 /J min , and the result can be expressed as follows
This equation can be rewritten as
= 0 with the small scalar 0 < λ 2 < 1. As long as α 1 − λ 2 i /e m 1 /n 1 i > 0 and
> 0 hold, (41) can be considered as the fixed-time terminal sliding mode surface. Therefore, convergence domains of e i and ω ei can be expressed as
respectively. Remark 3: Adaptive law is combined with fixed-time TSMC, and the upper bounds of lumped uncertainties are not required to be set in advance. However, through the above proof, it can be obtained that the switching term can suppress uncertain inertia matrix, external disturbances, actuator misalignments and faults. Besides, the proposed adaptive control scheme can achieve simultaneously fine performance indexes such as precision, rapidity and practical fixed-time behavior.
Remark 4: Under normal condition, the smaller T is, the higher the control amplitude is. Therefore, the determination of T is related to the actual output capability and limitation amplitude of actuator dynamics for the spacecraft attitude control system.
IV. SIMULINK RESULTS
In this section, simulations are conducted to illustrate the effectiveness of the proposed controllers. Consider the spacecraft model with nominal inertia matrix J 0 = [20, 1.2, 0.9; 1.2, 17, 1.4; 0.9 1.4 15] kg·m 2 , and inertia uncertainties J satisfies J 0 ≤ 0.01J 0 . Meanwhile attitude tracking system is activated by four reaction wheels, and output torque is described by
Therefore, the total torque can be also rewritten as u (t) = Dτ + Dτ with nominal installation anglesᾱ i = 35.26 1, 2, 3, 4) . Due to manufacturing tolerances and mechanical vibration, there exist small misalignment angles α i and β i , while their corresponding ranges are assumed to be 
A. THE PERFORMANCE OF FIXED-TIME NTSM ATTITUDE CONTROLLER
The parameters of TSM attitude tracking controller are selected as α 1 = 1, (i = 1, 2, 3), − λ = 0.01. The gain κ i of the switching control is chosen by trial-and-error until one excellent convergent performance is obtained. The quaternion e 0 and e v of attitude tracking errors are shown in Figure 2 , while attitude tracking velocity errors are described in Figure 3 . It can be seen that finite-time convergence can be resulted by the NTSM control, and the settling times are roughly 9s and 12s, respectively. It should be noted that the failure of one of reaction wheels (− λ 3 = 1, t > 12.5) does not affect the stability of closed systems, and the proposed controller possesses better robustness to actuator faults. In Figure 4 , nonlinear robust torque inputs are provided and kept in reasonable ranges. From the stability of the closed-looped system, it can be obtained that control inputs can effectively deal with external disturbances, uncertain inertia matrix, actuator misalignments and faults. It can be also inferred that the technique of separating the desired input from all the uncertainties is feasible for handling this problem in the beginning, while the NTSM controller can solve attitude tracking manoeuvre well.
B. THE PERFORMANCE OF ADAPTIVE FIXED-TIME NTSM ATTITUDE CONTROLLER
The design parameters of the adaptive fixed-time controller are set as α 1 = 1, β 1 = 0.5, α 2 = β 2 = 2, m 1 = 9, n 1 = 5, p 1 = 7, q 1 = 9, m 2 = 7, n 2 = 5, p 2 = 9, q 2 = 11, − λ = 0.01, and the parts of adaptive laws are chosen as j1 = 1.0, υ j1 = 0.5, j1 = 1.1, υ j1 = 0. These parameters and initial values are selected by trial-anderror until good performance is gained. Simulation results of the closed-looped system are provided in Figures 5-8 . The time responses of error quaternion are shown in Figure 5 , and the convergent time is approximately 9s. The attitude tracking system reaches the pointing trajectory less 13s, and attitude tracking velocity errors are shown in Figure 6 . In addition, adaption gains can be seen in Figure 7 , while the corresponding commanded torque is shown in Figure 8 . The initial values of adaptive parameters can be selected by trial and error, based on the prediction for magnitude of total uncertainties. From Figures 4 and 8, it can be obtained that a larger initial values means a larger initial desired torque; however, after the manoeuvre task is accomplished, it can be seen that the torque inputs are almost zero. These results show that this mission can be successfully accomplished by the proposed adaptive fixedtime control scheme, while the prior information is eliminated for uncertain inertia, external disturbances, actuator faults and misalignments.
V. CONCLUSION
In this paper, spacecraft attitude tracking problem has been investigated in the presence of actuator faults, inertia uncertainties and external disturbances. Firstly, based on NTSMC technique, fixed-time attitude tracking controller is designed without singular phenomenon, and then adaptive law is combined to formulate robust attitude control scheme, which can eliminate the requirement of the knowledge of actuator faults and relevant uncertainties. These algorithms can steer attitude tracking errors to the origin or its neighbor with high accuracy and fast performance, while the settling time is irrelevant to initial states of closed-loop system. Finally, fault-tolerant attitude tracking maneuver of a rigid spacecraft is carried out to test the performance of the proposed controllers.
